Surface gravity waves are one of the most fundamental phenomena in ocean dynamics, yet the standard potential flow approach to derive its dispersion relation seems to obscure the mechanistic understanding of the wave propagation and the dependence of the dispersion relation on the wavenumber. Here we provide an alternative derivation, based solely on the vortex sheet dynamics at the air-water interface. We show how the two terms of the baroclinic torque operate to translate the interfacial vorticity anomalies and how the non-Boussinesq term of the baroclinic torque acts against the Boussinesq one to hinder the wave propagation. We further investigate, via vorticity inversion approach, how the existence of the bottom boundary affects the propagation mechanism by replacing this boundary by an anti-phased vortex sheet mirror image. The limits of deep and shallow-water dynamics are discussed as well from this perspective. Furthermore, solely from the interface dynamics, we show the validity of the Virial theorem for surface gravity waves.
I. INTRODUCTION
The theory of linear surface gravity waves has been founded in the eighteenth and the early nineteenth century by pioneers like Laplace, Lagrange, Poisson, and Cauchy 1 . The standard derivation of the dispersion relation, based on the potential flow theory, is a well known procedure considered in almost all standard textbooks in fluid dynamics (e.g. Kundu, Cohen, and Dowling 2 ). In this derivation, however, the implementation of the kinematic and dynamic conditions (the latter via the time-dependent Bernoulli equation) seems to obscure the physical mechanism of the wave propagation and the reason for the peculiar dispersion relation ω(k) = ± gk tanh (kH) (where ω denotes frequency, g is gravity, k is the wavenumber and H is the water depth).
In recent times, there has been a growing body of literature 3-10 dealing with stratified shear flow instability that treats the dynamics of density discontinuity surfaces as interfacial vorticity waves 11 . This approach provides a mechanistic rationalization for Taylor-Caulfield and Holmboe instabilities, and also paves the path for efficient vortex-method-based computation schemes to simulate the nonlinear evolution, including wave-breaking 12 . However, while exploring these relatively complex problems, the analysis of surface gravity wavesprobably the simplest setup of a discontinuous surface -in terms of interfacial vorticity waves has been "left behind". Hence, here we suggest an alternative derivation of surface gravity waves, based on the above-mentioned approach.
This article is organized as follows. In Sec. II, we derive and analyze the interfacial vorticity equations and then in Sec. III, we implement them to obtain the dispersion relation.
Special care is given to the deep and shallow-water limits. In Sec. IV we derive surface waves' energy from the interfacial fields. Finally, we close by discussing the results in Sec. V.
II. INTERFACIAL VORTICITY DYNAMICS
The governing incompressible continuity and Navier-Stokes equations of an inviscid, nondiffusive density stratified fluid are: 
where q ≡ ∇ × u is the vorticity. The first term on the RHS is the vortex stretching term that would be absent in 2D flows. The second term signifies the baroclinic generation of vorticity -vorticity generated when the isopycnals and isobars are not parallel. In general, this term can be divided into two parts -Boussinesq and non-Boussinesq.
Since our interest is on surface gravity waves, we consider the simpler and more familiar 2D (x, z) setup of hydrostatic background:
where p is the mean pressure and ρ is the mean density. On linearizing the governing Navier-Stokes equations (2.1c) about the hydrostatic base state, we obtain
The conservation of mass gives rise to
In Eqs. (2.4a)-(2.4d), the primes denote perturbation quantities. Hereafter, the primes will be dropped for simplicity; any variable without overbar will denote perturbation quantity.
Defining the 2D vorticity (q points in the negative y direction; we follow the convention in which counterclockwise (clockwise) rotation is associated with positive (negative) values of vorticity) perturbation as .2), and points in the negative y direction, in agreement with the definition of q. As already mentioned, vorticity can be generated from two baroclinic sources: where η denotes the free surface displacement. One can combine Eqs. (2.4c) and (2.7) to
Equations (2.8) and (2.6) can be combined together, yielding 9) where N (z) ≡ −(g/ρ)dρ/dz is the Brunt-Väisälä (or buoyancy) frequency. In Fig that under situations when the displacement and the pressure perturbations correlate, T 1 and T 2 can act against each other in generating vorticity. This will be shown to be the case for the air-water interface -for surface gravity waves over water of finite depth, a lift up of the interface is associated with a positive density anomaly and thus with a positive pressure perturbation. Furthermore, using Eq. (2.4a) we can rewrite Eq. (2.9) as:
where we note that the term T 2 is now the second term of the LHS.
A. Surface gravity waves
Let us consider the interface to be between air and water. We assume the water of depth H, while the air above it is unbounded. The origin of the coordinate system is located at the air-water interface (with z pointing vertically upwards). In this system, the mean density can be written as follows:
In this set-up we have N 2 = 2gδ(z) (whereas, if ρ a is not neglected, g would be replaced
by the reduced gravity). This implies that the vorticity perturbation will be generated only at the air-water interface, giving rise to an undulating vortex sheet. We wish to describe the gravity wave dynamics solely from the vorticity dynamics of this interface. For modal solution of the form:
(where the subscript '0' indicates evaluation at z = 0) we can invert the vorticity to obtain the streamfunction ψ = ∇ −2 q to express the velocity field
Using the Green function approach we can write:
where the Green function G should satisfy the Helmholtz-Poisson's equation: where both (û 0 ,ŵ 0 ) are expressed in terms ofq 0 . Equation (2.15a) reveals that for waves propagating in the positive (negative) x direction, the vertical velocity is located a quarter of wavelength to the right (left) of the displacement anomaly (see Fig. 2 ), whereas Eq. (2.15b)
indicates that (q 0 + 2u 0 ) and η 0 should be in phase (anti-phase) for positive (negative) wave propagation. While the former is a general property of any transverse wave, the latter will be clarified in the next section.
III. DISPERSION RELATION ANALYSIS A. deep-water limit
Let us first consider the deep-water (hereafter DW) limit, that is, kH → ∞. In this case, the Green function G DW = −e −k|z| /2k, which yields 
corresponding to:
Hence, when the interface displacement and vorticity are in (anti) phase the wave propagates to the (left) right (see Fig. 3 ). Such behavior is common with other types of interfacial vorticity waves such as capillary 14 , Rossby 15 and Alfven 16 waves.
We note a point of crucial importance -although we are considering a "non-Boussinesq" density jump (air-water interface), the non-Boussinesq effect is completely absent for the deep-water limit. In other words, this implies that the Boussinesq effects are not confined to "small density variations", as is conventionally understood. A conclusion similar to ours is given in Guha and Raj 17 using scaling arguments.
B. Finite depth
As already mentioned, our goal is to describe surface gravity waves dynamics from the vortex sheet dynamics of the air-water interface. This is straight-forward in the deep-water which indeed vanishes at z = −H, satisfying impenetrability. Furthermore, this anti-phased mirror vortex sheet reduces the vertical velocity at the interface at z = 0 as it induces an evanescent vertical velocity of opposite sign (see Fig. 4 ):
We readily observe that when kH → ∞, we recoverŵ 0 = −iq 0 /2, i.e., the vertical velocity in the deep-water limit. Due to the presence of a solid boundary at a finite depth, the phase speed should decrease according to Eq. (2.15a). This reduction in the phase speed magnitude is obtained from Eq. (2.15b) as well. Indeed, as illustrated in Fig. 4 , the antiphased mirror image vortex sheet at z = −2H induces a horizontal velocity u which is in phase with the vortex sheet at z = 0. In fact, the sole contribution to u 0 is from the anti-phased mirror image vortex sheet. From Eq. (3.4), u 0 is found to be
The above equation indicates that the vorticity production by the interface displacement becomes smaller when the non-Boussinesq term is taken into account. Stated differently, the two terms in the RHS of Eq. (2.9) work against each other (while the first Boussinesq term T 1 dominates the second non-Boussinesq term T 2 ), since now the interface displacement correlates with the pressure perturbation there (c.f. Fig. 1 and Fig. 4 ). Substituting
(3.8)
Equation (3.7) is the familiar dispersion relation of intermediate depth surface gravity waves.
C. shallow-water limit
The shallow-water (hereafter SW) limit of kH 1 is also interesting to analyze from this perspective. The vertical structure of the streamfunction becomes independent of the wavenumber when the vortex sheet and its anti-phased mirror image become very close to each other, thereby generating a series of dipole-like structures (Fig. 5 ). This reflects in the phase speed, which now becomes independent of the wavenumber. As can be seen from Eq.
(3.4), under the shallow-water limit
yielding (û 0 ,ŵ 0 ) = ( 
IV. GRAVITY WAVE ENERGY FROM THE INTERFACIAL FIELDS
Defining K ≡ ρ (u 2 + w 2 ) /2 as the kinetic and P ≡ ρ(N η) 2 /2 as the potential energies, it is straightforward to deduce from Eqs. (2.4a)-(2.4d) that where the domain integration operator is defined as:
where λ = 2π/k is the wavelength. Equation (4.1) indicates that the total wave energy E = K + P is conserved. After integration by parts it can be shown that
Substituting Eqs. (2.12), (3.4) and (3.6) we obtain 4) and using Eq. (3.8) we obtain the familiar result
Finally, substituting N 2 = 2gδ(z) in P ≡ ρ(N η) 2 /2 we recover the well known equi-partition energy relation: K = P , as demanded by the Virial theorem.
V. DISCUSSION
In this paper, we first obtain an alternative derivation for the surface gravity waves' dispersion relation, which suggests that the propagation mechanism relies only on the interfacial dynamics. The interplay between the interface displacement and the local velocity field is crucial -the vertical velocity translates the interfacial displacement and in turn, the displacement gradient translates the combination of vorticity and horizontal velocity. The velocity field can be completely deduced by inverting the interfacial vorticity; the vanishing of the vertical velocity at the impenetrable bottom boundary can be replaced by an anti-phased mirror image of the interfacial vorticity wave. The superposition with the antiphased image vortex sheet explains the attenuation of the phase speed due to the presence of a solid boundary. Somewhat similar to the Boussinesq, infinite scale height limit in a continuously stratified flow, the deep-water limit in the present case turns the gravity wave dynamics into a Boussinesq one. The interfacial vorticity delta function plays a central role in the dynamics -the air-water density jump across the interface generates a barocolinic torque that is concentrated only at this interface. We show that the integrated wave energy can be evaluated solely from the dynamical fields at the interface.
Finally, our analysis also provides a deeper insight into the validity and interpretation of the celebrated Boussinesq approximation. Although the conventional notion is that Boussinesq approximation is only applicable for 'small density variations', we conclusively show that Boussinesq approximation fully holds even for extremely strong density jumps, for example, the air-water interface, provided, we are considering the deep-water limit. In this limit, there is no effect of the density variation on the inertial terms (i.e., T 2 = 0), because the horizontal perturbation pressure gradient, ∂p/∂x in T 2 becomes negligible as the deep-water limit is approached. Conversely , ∂p/∂x becomes strong as the water-depth decreases, that is, as the shallow-water limit is approached. This can be intuitively understood from the fact that shallow-water flows are hydrodstatic, implying that at z = 0, ∂p/∂x ∝ ∂η/∂x, as shown in Fig. 1(b) . Due to this finite pressure gradient, T 2 contributes to the non-Boussinesq vorticity generation.
